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The explicit de� nitions of actuator redundancies are introduced. A design scheme is then presented to synthesize
reliable control against actuator failures for dynamic systems possessing actuator redundancies. The properly
designed controller is able to guarantee the stability and to maintain the steady-state tracking performance in the
event of actuator failures. The design method is based on a robust regional eigenvalue assignment technique with
the help of a precompensator. The effectiveness of the proposed method has been veri� ed using an example of the
aircraft bank angle control problem.

I. Introduction

M ETHODOLOGY used in either classical or modern control
system design often presumes that all system components

are in good working conditions. As a result, a majority of control
systems designed using conventional techniquesmay not be able to
maintain a satisfactory performance in the presence of component
failures. In some cases, even the closed-loop system stability may
be in jeopardy. However, if there exist some redundancies in the
system, it will often be possible to design controllers such that fail-
ures in some system components will not cause immediate threats
to the safety of the overall system. This will give human operators
additional time to carry out necessary safety assurance steps before
catastrophestrikes. Such design methodologiesare particularly im-
portant in safety-critical systems, such as space missions, aircraft,
nuclear or chemical reactors, etc.1 ¡ 3 A control system designed to
toleratefailuresin systemcomponents,while maintainingan accept-
able closed-loop system stability/performance, has been de� ned as
a fault-tolerantcontrol system.4

There are two main designphilosophiesfor fault-tolerantcontrol,
active and passive fault-tolerant control. They rely heavily on ex-
isting system redundanciesto achieve tolerable performancedegra-
dation in the event of component failures. In fact, the design of
a fault-tolerant control system can be viewed as the management
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of system redundancy to increase the system reliability.5 In active
fault-tolerant control systems, the design involves such procedures
as real-time fault detection, isolation,and control system recon� gu-
ration. The redundancy in such systems can be in an analytic form,
for example, the mathematical model of the system. This kind of
redundancy is usually referred to as analytic redundancy.6 The con-
troller with such a design philosophyis referred to as recon�gurable
control in the literature.7 ¡ 9

Passivefault-tolerantcontrolis referredto as reliablecontrolin the
literature.10 In a reliable control system, the controlleris designedto
be robust to a presumed set of component faults.The fault scenarios
have already been taken into account at the controller design stage.
Once the design is completed, the controllerwill remain � xed. The
designprocedurefor such controllersis oftenmore involvedbecause
the control system has to perform satisfactorilynot only during the
normal system operationbut also under variouscomponentfailures.
It should be emphasized that the redundancies in such systems are
usually in hardware forms, such as redundant sensors, actuators, or
controllers.Consequently,this classof systemsareoftenrepresented
by multivariable system models.

The original concept of redundancy can be traced back to the
1950s when von Neumann proposed the idea of building a reliable
computer. Inspired by such a novel idea, a multiple control system
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structure was proposed by Siljak in the context of decentralized
control for complex systems.11,12 The essential concept of redun-
dancy was introducedin the form of parallel connectionof multiple
controllers. Note that the idea of redundancy in Siljak’s work is
explicitly used in a control system framework for the � rst time.
By the use of the multiple control system structure, faults/failures
in some of the controllers can be tolerated, and the overall sys-
tem reliability can be improved. Similarly, reliable control design
using multiple/redundant controllers has been extensively studied,
and many results have been obtained.13 ¡ 15

In the literature,the reliablecontroldesignproblemis also studied
in the framework of control systems possessing integrity. In multi-
variable systems, the interaction among different loops makes the
control systems design more dif� cult, and when there are failures in
some loops, the interaction among the remaining loops may result
in the reduction of the system stability margins. Such a problem
brought up the question of system integrity.16 A multivariable feed-
back systemis said to havehigh integrityif it remainsstableunderall
likelyfailures.Here, all likelyfailuresmeanall typesof loop failures,
such as output transducer, controller,and actuator failures. In 1985,
Shimemura and Fujita formulatedthis problemusing the state-space
representationfor actuatorfailurecases, and a state feedbackdesign
schemewas proposedbased on a Riccati-typeequation.17 Similarly,
a sequentialdesign scheme has been developed in Ref. 18 based on
the solution of matrix Lyapunov equations. In the cited works, only
the stabilization of open-loop stable systems has been considered
and may not be applicable to open-loop unstable systems. The de-
sign problem for control systems possessing integrity has further
been formulated in an H1 framework, where the performance of
the system in the event of component failures can be maintained
in an H1 optimal sense.10,19 The synthesis of such reliable control
systems has also been investigated as a simultaneous stabilization
problem using the method of stable factorization.20,21

In the mentionedworks, the control freedomof multivariablesys-
tems has beenutilized effectivelyto design reliable control systems,
but without explicit examination of the system redundancy. Note
that, for any reliablecontrol system,hardware redundancyis the key
ingredient,and a good reliablecontroldesignshouldhavefull access
to and utilizationof such redundancies.Based on this point of view,
a design method for reliable control systems against actuator fail-
ures has been proposed in Ref. 22, where the actuator redundancies
have been clearly illustrated for multiple-input/single-output sys-
tems. However, only system stability has been considered therein;
the tracking ability cannot be maintained under actuator failures.

In this paper, the reliable control problem against actuator fail-
ures is further investigated. Unlike the design problem of reliable
control with multiple controllers, it is assumed that the controllers
are functional. What we are interested in is how to design a con-
troller that can stabilize the system even in the presence of actuator
failures. First, the analysis of actuator redundancy has been exam-
ined in depth, and explicit de� nitions of actuator redundancy have
been illustrated for multi-input/multi-output (MIMO) systems. The
proposeddesignmakesuse of systemactuatorredundancyandguar-
antees both stability and tracking ability even when some actuators
fail.A dynamicprecompensatorhasbeenused to modify thedynam-
ics of the actuator channels and has played an important role in the
overall design. A robust regional eigenvalue assignment technique
has been modi� ed to synthesizethe state feedbackgains so that any
combinations of actuator failures will not cause any closed-loop
eigenvalues to migrate outside of the prede� ned stability region.
In addition, steady-state tracking ability can be achieved under all
fault scenarios through a PI controller. Note that the proposed de-
sign is only for multiple-input/single-output (MISO) systems. For
MIMO systems, the relationship between inputs and outputs are
usually complex. Although actuator redundancies are de� ned and
examined for general MIMO systems in this paper, how to utilize
such actuator redundancy and design reliable control are dif� cult
and still an open problem.

The unique feature of the paper is that it highlights the impor-
tance of the redundancies in the design of reliable control systems
and presents a systematic synthesis procedure with clear physical
insight in each step. The design method can be used not only for

open-loopstable systems, but also for open-loopunstableones.The
paper is organized as follows: Section II gives de� nitions of actua-
tor redundancies.The procedurein synthesizingthe precompensator
and the reliablecontrolleris introducedin Sec. III.A designexample
is presented in Sec. IV, followed by the Conclusions in Sec. V.

II. Actuator Redundancy in Control Systems
Redundancyis the basic ingredientin any fault-tolerantsystem. It

simply refers to the additionalsystem resources,such as sensors,ac-
tuators, or controllers, that are beyondwhat is needed to achieve the
intendedcontrolobjectivesduring the normal system operation.The
existenceof redundancyis solely for combating faults in the system.

In practice, actuators are usually large in size and require a sig-
ni� cant amount of power to operate. It is usually very dif� cult to
duplicate actuators at a control point. In fact, the actuator redun-
dancies can only be introducedby means of additionalmanipulated
variablesin the system,which have independentcontrolover system
outputs. These redundant system variables may take totally differ-
ent physical forms or meanings. In other words, the dynamics from
each actuator to the system output may be different. When we con-
sider actuator redundancy, it is important to differentiate actuator
inputs from system inputs. Manipulated variables are the physical
variables manipulated by actuator inputs. Because the redundant
actuators have to be in operation at all times, the controller design
for such systems becomes more complex.

Consider a controllableand observable linear time-invariant sys-
tem with p actuatorsand m output.The systemcanbe representedas

Çx = Ax + Bu, y = Cx (1)

where x 2 < n £ 1 , u 2 < p £ 1 , and y 2 < m £ 1 are the system state, the
input vector, and the output vector, respectively; correspondingly,
the state transition and the output matrices, A and C , have appro-
priate dimensions.The system input matrix B 2 < n £ p can be repre-
sented by B =[b1 b2 ¢ ¢ ¢ bp] with each column being bi 2 < n £ 1,
1 ·i · p. The system input vector associated with the multiple ac-
tuators can be written as u =[u1 u2 ¢ ¢ ¢ up]T .

For a dynamic system, more often than not, state controllability
alone is not suf� cient for certain control objectives, such as regula-
tor and tracking design.Another controllabilitycriterion describing
the relationships between the system inputs and outputs, known as
functional controllability,23,24 proves to be useful. Such a concept
can also be utilized to de� ne the actuator redundancies.

De� nition 1 (Functional Controllability)23: A system is said to
be functionally controllable if for any given suitable output vector
y(t) (de� ned for t ¸ 0) there exists an input vector u(t) (de� ned for
t ¸ 0) for which this output vector y(t ) can be achieved from the
zero initial condition.

Here, suitable means that the output vector is suf� ciently smooth
to be generated without impulse functions in u, and has a Laplace
transform. This de� nition, in fact, guarantees the independent con-
trol of the system inputs over the system outputs. To satisfy the
functionalcontrollability,the number of inputs must be greater than
or equal to the number of outputs, that is, p ¸ m . A necessary and
suf� cient condition for the functionalcontrollabilityis illustratedin
the following lemma.23,24

Lemma 1:
1) For p = m, the system is said to be functionally control-

lable if and only if the determinant of its transfer function matrix
G(s) ={c j ( I s ¡ A) ¡ 1bi , 1 ·i · p; 1 · j ·m} is nonzero, that is,
j G(s) j 6=0.

2) For p > m , the system is said to be functionallycontrollable if
and only if thereexistsat leastonenonzerom £ m minor in the trans-
fer function matrix G(s) ={c j (I s ¡ A) ¡ 1bi , 1 ·i · p; 1 · j ·m}.

Based on the De� nition 1 and Lemma 1, the actuator redundancy
can be examined. Because for each actuator there is an associated
manipulatedvariable in the system, different manipulatedvariables
often affect the system differently unless there exists some degree
of symmetry in the system. Therefore, actuators in different part of
the system can take totally different physical forms. In general, one
can classify the actuator redundancy into two types: 1) nonuniform
actuator redundancy and 2) uniform actuator redundancy.
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De� nition 2 (NonuniformActuatorRedundancy): The system de-
scribed in Eq. (1) is said to possess (p ¡ m) degree of nonuniform
actuatorredundancyif 1) the systemis completelystate controllable;
2) the number of inputs is greater than the numberof outputs, that is,
p > m; and 3) rank [B] > m and there exist Cm

p = p!/ ( p ¡ m)!m!
nonzero m £ m minors, or in other words, Cm

p nonsingular m £ m
square submatrices in the system transfer function matrix G(s).

In the De� nition 2, the � rst condition guarantees that the system
is always stabilizableusing the state feedback.The second and third
conditions are simply extensionsof the functionalcontrollabilityin
the context of actuator redundancy.They guarantee that the system
is functionallycontrollableby any m inputsout of the total p inputs,
which simply means that the system has ( p ¡ m) degree of actuator
redundancy.

This concept can further be interpreted as follows.
For a given m £ p transfer functionmatrix G(s), let us de� ne two

index sets: I ={1, . . . , m} and J ={ j1 , j2 , . . . , jm} ½ {1, . . . , p}.
We can form a nonsingular m £ m submatrice out of the transfer
function matrix, denoting it as G ( I , J )(s). Let its complement be
G( I , J̄ ) (s). Clearly, G ( I , J̄ )(s) has a dimension of m £ ( p ¡ m). If we
partition the system input vector accordingly,the system output can
be represented as

Y (s) = G ( I , J )(s) ¢ U( J )(s) + G ( I , J̄ )(s) ¢ U( J̄ )(s) (2)

where U( J )(s) and U( J̄ )(s) are the Laplace transform of the system
input vector partitioned based on the index sets J and J̄ .

Clearly, the system output is composed of two parts: The � rst
part is composed of a group of m inputs, and the second part is
the remaining ( p ¡ m) inputs. In the absence of actuator failures,
the � rst m inputs alone can maintain the functional controllabil-
ity of the system. In the presence of an actuator failure within the
� rst group of m inputs, if any one of the remaining ( p ¡ m) inputs
can � ll in for the failed actuator, this actuator would be classi� ed
as redundant. Therefore, the system is said to possess ( p ¡ m) de-
gree of actuator redundancy if for any combination of m inputs,
that is, for any J ={ j1 , j2 , . . . , jm } ½ {1, . . . , p}, p ¸ m, G ( I , J )(s)
is non-singular or the system transfer function matrix G(s) has
Cm

p = p!/ ( p ¡ m)!m! nonzero m £ m minors.
This de� nition deals with a situation where any actuator input

can be regarded as a redundant input with respect to any system
output.Usually theseactuatorsact on the systemindependentlyfrom
differentlocationsin the system.The controlsignalspassingthrough
these actuator channels often affect system outputs independently.
This is a general characteristicof a physical system with dissimilar
actuators.

For some practical systems, particularly large systems, it may be
possible that a certain input can only be considered as a redundant
input to a subset of the system outputs. In other words, certain sys-
tem inputs may be decoupled from certain system outputs. In this
case, the actuators associatedwith the decoupled system inputs can
no longer be counted as the redundant actuators for those system
outputs. From a mathematical point of view, this situation corre-
sponds to the case where the number of nonzero m £ m minors is
less than Cm

p , but greater than one.
Should such a situation arise, it is necessary to subdivide the

system and the correspondinginputs � rst. Within these subsystems,
the redundant actuators can be identi� ed. One can also think of this
problem as pairing a group of system inputs with a group of system
outputs with the number of inputs greater than that of the outputs.
There exists one extreme case, and the actuator redundancy in this
case can be called uniform redundancy or dependant redundancy.

De� nition 3 (Uniform Actuator Redundancy): The system de-
scribed in Eq. (1) is said to possess ( p ¡ m) degree of uniform ac-
tuator redundancy if 1) the system is completely state controllable;
2) the numberof inputs is greater than or equal to the numberof out-
puts, that is, p ¸ m; 3) the input matrix [B] satis� es rank [B] =m;
and 4) there exist c nonzero m £ m minors in the system transfer
function matrix G(s), where 1 · c ·Cm

p .
That the rank of the B matrix is equal to the number of outputs

implies that the dynamics from some actuator inputs to the system
statesare similar (maybe differentby some constantscalingfactors).
In other words, this condition corresponds to a physical situation

Fig. 1 Interpretation of the uniform actuator redundancy.

where some actuators are associatedwith a single system input and
act on the system at the same input location (or at the symmetric
points for symmetrical systems). In this case, overall p actuators
actually act onto the system at m different locations. This concept
can be seen clearly from Fig. 1.

Experience has shown that design of reliable control becomes
much easier if the actuator redundancy is of the uniform type. Note
that this type of redundancy exists only in very ideal situations;
in practice, few systems possess such a nice property. Fortunately,
for most practical systems, we can convert the nonuniformactuator
redundancy to a uniform one by using a properly designed dynamic
precompensator.

III. Synthesis of Reliable Control Systems
A. Model of Actuator Failures and Structure
of Reliable Control Systems

Because only single system output is considered in the design,
that is, m = 1, the system can be representedin a MISO form, which
has p ¡ 1 degree of actuator redundancy.The basic requirement of
reliablecontrollerdesignfor such a system is that the control system
has to utilize fully the actuator redundancyand to perform satisfac-
torily not only when all actuators are in good working condition,
but also when some have failed.

Consider the dynamic system given in Eq. (1). Let us de� ne a
diagonal matrix

L = diag(l1, l2 , . . . , l p) (3)

where L is a p £ p identitymatrix if all actuatorsare in good work-
ing condition.A failure in the i th actuator is modeled by setting the
i th diagonal element in L to zero, that is, li = 0. By the denoting of
ua (t) as the actuator output signal, it can be representedas follows:

ua (t ) = L ¢ u(t ) + ( I ¡ L) ¢ fa (4)

where fa is a constantoffset in the actuatoroutputcaused by the fail-
ure of theactuator.It correspondsto the valueat which theactuator is
stuck. From the preceding representation, the system with possible
actuator failures can be represented in the state-space form by

Çx(t ) = Ax(t ) + Bua (t) = Ax(t ) + B Lu(t ) + B( I ¡ L)fa

y(t) = Cx(t ) (5)

In general, becausedifferent actuatorsaffect the system from dif-
ferent input locations,the rankof the B matrix is usuallynotunityfor
single-output systems. In other words, the system has nonuniform
actuator redundancy.

The system in Eq. (5) can also be representedin transfer function
form as

Y (s) = G f (s)U (s) + F(s) (6)

where

G f (s) = G(s)L =
N(s)L

d0(s)
=

1
d0(s)

[n1(s) n2(s) ¢ ¢ ¢ n p (s)]L

F(s) =
N(s)(I ¡ L)

d0(s)s
fa (7)



712 JIANG AND ZHAO

Fig. 2 Reliable control system with a dynamic precompensator.

where G(s) is the nominal system and G f (s) is the system with ac-
tuator failures. The nth-order polynomial d0(s) is the characteristic
polynomial of the system, and N(s) is the numerator polynomial
vector of the dimension 1 £ p. F (s) corresponds to the output bias
caused by the actuator failures.

Note that there are 2p possible actuator failure modes in total rep-
resentedby the combinationof the elements in L. However, we will
only consider 2p ¡ 1 modes, excluding the case where L is a zero
matrix, that is, there should at least be one healthy actuatoravailable
in the system.This requirementis essentialfor the proposedscheme
to work with open-loop unstable systems.

Based on the given formulation, the main objectiveof the reliable
control system design is to synthesize a � xed controller so that the
stability and the performance of the closed-loop system are main-
tained so long as there is one healthy actuator left in the system.

The structureof the overall system is shown in Fig. 2. The overall
control system consists of 1) a dynamic precompensator P(s), 2) a
state feedback controller K , and 3) a PI controller PI(s).

There are two main steps involved in the design process:
1) Convert the nonuniformactuator redundancy to a uniform one

by using a properly designed dynamic precompensator.
2) Select a state feedback as well as P I controller gains using a

robust regional eigenvalue assignment technique.
Note that the PI regulator is used mainly to eliminate the bias

caused by the malfunctioned actuator (stuck faults) to achieve the
desired steady-state performance. However, we have to make sure
that the good steady-state performance is not achieved at the ex-
pense of the transient performance of the system. Therefore, for a
satisfactory performance in both transient and steadystate, the PI
controller and the state feedback controllers should be designed si-
multaneously.

B. Design of the Precompensator
For the system given in Eq. (1), a precompensator with the fol-

lowing diagonal matrix form is used:

P(s) = [1/ dc(s)]diag[m1(s) m2(s) ¢ ¢ ¢ m p(s)]

= [1/dc(s)]M(s) (8)

where dc(s) is a Hurwitz polynomialchosen such that everyelement
in P(s) is proper.

The choice of the numerator polynomials m i (s) depends on
the numerator polynomial vector of the nominal system, that is,
N(s). From N(s) = [n1(s) n2(s) ¢ ¢ ¢ n p (s)], the least common
polynomials of ni (s) /bi , i =1, 2, . . . , p, can be obtained, where
h1 , h2 , . . . , h p are the coef� cients of the highest power terms in
ni (s), i = 1, 2, . . . , p, respectively. Let this least common polyno-
mial be denoted by

nc(s) = sr + br ¡ 1sr ¡ 1 + ¢ ¢ ¢ + b0 (9)

The elements of the numerator polynomial vector of the precom-
pensator,b1(s), b2(s), . . . , bp(s) can then be determinedas follows:

m1(s) =
nc(s)

n1(s) / h1

m2(s) =
nc(s)

n2(s) / h2
, . . . , m p (s) =

nc(s)
n p (s) / h p

(10)

With such a precompensator, the augmented system becomes

G A(s) = G f (s) P(s) =
N(s)L M(s)
d0(s)dc(s)

=
N(s)M(s)L

d0(s)dc(s)
(11)

Note that because the matrices M (s) and L are both diagonal,
their positions can be interchanged.From Eq. (10), one can obtain
that

N(s)M (s) = [n1(s) n2(s) ¢ ¢ ¢ n p(s)]

£

2

664

m1(s) 0 ¢ ¢ ¢ 0

0 m2(s) ¢ ¢ ¢ 0

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
0 0 ¢ ¢ ¢ m p (s)

3

775

= [h1nc(s) h2nc(s) ¢ ¢ ¢ h pnc(s)]

= nc(s)[h1 h2 ¢ ¢ ¢ h p ] (12)

Letting H = [h1 h2 ¢ ¢ ¢ h p] 2 < 1 £ p , we can further write the
polynomial N(s)M(s) as

N(s)M (s) = nc(s)H =
¡
sr + br ¡ 1s

r ¡ 1 + ¢ ¢ ¢ + b0

¢
H (13)

Note that Eq. (13) basically implies that every actuator channel
in the compensated system has the same dynamics and may differ
only by constant gains as speci� ed in the vector H.

Without any loss of generality,let us assume that the denominator
polynomial of the compensated system has the following form:

D(s) = d0(s)dc(s) = sq + dq ¡ 1sq ¡ 1 + dq ¡ 2sq ¡ 2

+ ¢ ¢ ¢ + d1s + d0 (14)

The orderof the compensatedsystem,q, has now become the sum
of the order of the nominal system and that of the precompensator.

With appropriate choice of the state variables, the transfer func-
tion matrix in Eq. (11) can be represented in the following state-
space form:

Çxa (t ) =

2

66664

0 1 0 ¢ ¢ ¢ 0

0 0 1 ¢ ¢ ¢ 0

0 0 0 ¢ ¢ ¢ 0

0 0 0 ¢ ¢ ¢ 1

¡ d0 ¡ d1 ¡ d2 ¢ ¢ ¢ ¡ dq ¡ 1

3

77775
xa(t )

+

2
666664

0 0 0 ¢ ¢ ¢ 0

0 0 0 ¢ ¢ ¢ 0

0 0 0 ¢ ¢ ¢ 0

0 0 0 ¢ ¢ ¢ 0

b1 b2 b3 ¢ ¢ ¢ bm

3
777775

ua(t )

= Aaxa (t ) + Ba Lu(t ) + Ba( I ¡ L)fa (15)

y(t ) = [b0 b1 ¢ ¢ ¢ br ¡ 1 1 0 ¢ ¢ ¢ 0]xa(t ) = Caxa (t)
(16)

From De� nition 3, it is clear that Eq. (15) represents a system
with uniform actuator redundancy.

Note that the dynamic precompensator is implemented as a part
of the controller,and it plays an important role in the overall reliable
control system design. The use of the precompensator converts the
nonuniform actuator redundancy to the uniform one, and this can
signi� cantly simplify the controller gain selection process for the
later stage.

From the selection procedure of the precompensator, it can be
seen that there exists some degree of freedom in choosing the de-
nominator dc(s). The following guidelines are proved to be useful.

1) The order of dc(s) should at least be equal to the highest or-
der of the numerator polynomial of the precompensator m i (s) for
causality; therefore, the minimal order of the precompensator de-
pends entirelyon the numerator order of the system model. In order
not to introduce slow dynamics to the closed-loopsystem, it is rec-
ommended that the order of dc(s) is equal to the highest order of
the numerator polynomial of the precompensator,m i (s).
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2) To maintain the controllabilityof the system, dc(s) should not
have any common roots with the numerator polynomial vector of
the nominal system, N(s).

Furthermore,suchfreedomin choosingdc(s) is provedto be help-
ful in the synthesis of the feedback gain in the later stage. In fact,
the concept of employing precompensators in the reliable control
system design is not new. It has been shown in Ref. 25 that one of the
advantages of using a dynamic precompensator is that the degree
of freedom of reliable control system design can be increased sig-
ni� cantly. Consequently,solutions to reliable control system design
can be found for systems where there were no solutions before.

C. Design of Reliable State Feedback and PI Controller
As can be seen from Fig. 2, in addition to the precompensator,the

inner loop of the system also consists of a state feedback controller.
Let us assume that the state feedbackgain matrix takes the following
form:

K =

2

664

k11 k12 ¢ ¢ ¢ k1q

k21 k22 ¢ ¢ ¢ k2q

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢
kp1 kp2 ¢ ¢ ¢ k pq

3

775 (17)

With the state feedback, the inner-loop transfer function from
W (s) to Y (s) can be expressed as

Y (s) =
nc(s)H L

Q(s)
W (s) +

nc(s)H ( I ¡ L)
Q(s)s

fa (18)

where the denominator polynomial can be obtained from Eq. (15)
as follows:

Q(s) = det[s I ¡ ( Aa ¡ Ba L K )]

= sq +

±
dq ¡ 1 +

pX

i = 1

bi li kiq

!
sq ¡ 1 + ¢ ¢ ¢ +

±
d0 +

pX

i = 1

bi li ki1

!

(19)

Notice from Eq. (19) that each column of matrix K affects only
one coef� cient in the precedingcharacteristicequation.This feature
is a direct result of uniform redundancy,which makes the synthesis
of the controller straightforward.

In the outer loop, a PI controller is used to achieve a desired
steady-stateperformancein thepresenceof actuatorfailures.A more
detailed structure of the overall system is shown in Fig. 3.

By some simple block diagram manipulation, the transfer func-
tion of the closed-loop system can be obtained as

Y (s) =
nc(s)PI(s)

Pp
i = 1

hi li

Q(s) + nc(s)PI(s)
Pp

i = 1
hi li

V (s) + D f (s)

D f (s) =
nc(s)

Pp
i = 1 hi (1 ¡ li ) fa

s Q(s) + nc(s)PI(s)
Pp

i = 1
h i li

(20)

where V (s) is the closed-loop system input. The PI regulator has
the following form:

PI(s) = kP + (k I / s) (21)

Fig. 3 Block diagram of the system.

Fig. 4 C -stability region on
s-plane.

where {kP , k I } are the proportional and integral gains of the PI
regulator.

By substituting Eq. (21) into Eq. (20), it is clear that

d f ( 1 ) = lim
s ! 0

s ¢ D f (s)

= lim
s ! 0

snc(s)
Pp

i = 1 hi (1 ¡ li ) fa

sQ(s) + skpnc(s)
Pp

i = 1
hi li + k I nc(s)

Pp

i = 1
hi li

= 0

(22)

Therefore, the effect of the actuator failure in steady state can be
eliminated by the PI controller.

The characteristic equation of the closed-loop system [Eq. (20)]
can be written in the following form by using Eq. (21):

Qc(s) = sQ(s) + skpnc(s)
pX

i = 1

h i li + k I nc(s)
pX

i = 1

h i li

= sq + 1 + d 0
qsq + d 0

q ¡ 1sq ¡ 1 + ¢ ¢ ¢ + d 0
0 (23)

It can be seen clearly that Eq. (23) allows us to design both the
state feedback controller and the PI regulator simultaneously to
achieve the desired transient and steady-state performance. Hence,
the problem of the reliable control system design is now to synthe-
size a feedback gain matrix K and a PI regulator, so that, for any
combination of actuator failure modes, the roots of the characteris-
tic equation (23) should remain inside the desired stability region in
the s plane.

A commonly used stability region in the s plane for an acceptable
transient performance is known as the C -stability region, as shown
in Fig. 4.25 ¡ 27 This region may degenerate to an open half-planeon
the left of a straight line at r = ¡ r 1 . The eigenvalues in this open
half-planewill guaranteethe stabilityof the closed-loopsystemwith
a stability margin of at least r 1.

This would have been a standardeigenvalueassignment problem
if L had always been an identity matrix. However, in this case,
there are 2p ¡ 1 different combinations of L that have to be taken
into consideration. Therefore, we are unable to specify the exact
locations for the eigenvalues of the closed-loop system, but only a
desired region.

Although there is extensive research work done on the robust
stability of a polynomial subject to parameter perturbations,which
are basedon Kharitonov’s theoremand its variousgeneralizations,28

unfortunately,they are not suited for our problem. These works deal
mainly with the robustness analysis instead of controller synthesis.
Althoughthe robust controlproblemcan be clearlyde� ned and well
posedfroma mathematicalpointof view, thereare no knownsimple,
necessary, and suf� cient conditions for the existence of a robustly
stabilizing controller.25 Furthermore, the control problem proposed
here is evenharderbecausewe are dealingwith actuatorfailures that
often manifest themselvesas large changes in the coef� cients of the
characteristicpolynomial rather than parameter perturbations.

To calculate the feedbackgain matrix K and the PI controllerpa-
rameters from the coef� cients of the characteristic equation (23),
the � rst step is to convert the desired stability region in the s
plane into the corresponding interval polynomial in the parametric
space.25,27,29 In 1991,Soh et al.30 proposeda numericalalgorithmto
evaluate the maximal upper and lower bounds on the coef� cients of
a givenpolynomial such that the roots of the interval polynomialare
within the speci� ed region in the s plane (see the Appendix). How-
ever, this scheme can not be used directly for our problem because
the obtained bounds are usually very small and conservative.
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Instead of using a single nominal polynomial [P0(s) in Eq. (A2),
see Appendix] to calculatethe coef� cient intervals,our solutionis to
use a set of nominalpolynomialsto obtain their coef� cient intervals.
A suitablechoiceof such a polynomialset is the following(q + 1)th-
order binomial polynomial with an intermediate parameter r ; the
coef� cients are varied by adjusting r . This nominal polynomial set
is called the reference polynomial set,

W (s, r ) = (s + r )q + 1 = sq + 1 + a q ( r )sq

+ a q ¡ 1( r )sq ¡ 1 + ¢ ¢ ¢ + a 0( r ) r > 0 (24)

For every chosen r , the coef� cients intervals of the preceding
polynomial can be determined. This will generate an interval poly-
nomial set, whose coef� cient bounds are also functions of the inter-
mediate parameter r ,

U (s, r ) = sq + 1 + [a q ( r ), ¯a q ( r )]sq

+ [a q ¡ 1( r ), ¯a q ¡ 1( r )]sq ¡ 1 + ¢ ¢ ¢ + [a 0( r ), ¯a 0( r )] (25)

From the interval polynomial set, a so-called Q-box set can be
introduced as

Q = {X ( r ) j a i ( r ) 2 [a i ( r ), ¯a i ( r )], i = 0, 1, . . . , q} (26)

where a i ( r ) = a i ( r ) ¡ s i e , ¯a i ( r ) = a i ( r ) + l i e . Here, e > 0 is the
size of the perturbationused in the bound computationand s i and l i

are the corresponding weights on each perturbation [see Appendix
Eq. (A1)]. It is clear that this Q-box set represents a set of stable
interval polynomials. With appropriatechoice of the weights, most
of the practical stability regions, such as the C stability region, can
be dealt with. As can be seen clearly,by using the Q-box set, the ad-
missible coef� cient space for guaranteeing the stability is enlarged
signi� cantly. It will no longer be restricted to one set of coef� cient
bounds that is based on one nominal polynomial; instead, a num-
ber of overlapped coef� cient bounds can be obtained by varying r
continuouslyas shown in Eq. (26).

Although the preceding reference polynomial set [Eq. (24)] is
surprisingly simple, it has several desirable properties: 1) there is
onlya single intermediateparameterthatneedsto be adjusted,which
makes the coef� cient boundscalculationstraightforward,and 2) the
stability margin of the system associatedwith this polynomial set is
simply the parameter r , which makes the relationship between the
relative stability and the coef� cient bounds transparent.

Once the interval polynomial set is obtained, the feedback gain
matrix and the PI controller parameters can be chosen so that the
coef� cients of Eq. (23), subject to all actuator failure modes, are
within the respective bounds of any polynomial in the polynomial
set Eq. (25), or in other words, within the robustly stable Q-box
set. To achieve this objective, a system of inequalities needs to be
solved. They are shown as follows:

a q ( r i ) < d 0
q (dq ¡ 1, K , L i , kP , k I ) < ¯a q ( r i )

a q ¡ 1( r i ) < d 0
q ¡ 1(dq ¡ 2 , K , L i , kP , k I ) < ¯a q ¡ 1( r i )

......................................................

a 0( r i ) < d 0
0(K , L i , kP , k I ) < ¯a 0( r i )

i = 1, 2, . . . , 2p ¡ 1 (27)

where d 0
j (d j ¡ 1, K , L i , kP , k I ), j = 0, 1, . . . , q, are the coef� cients

of s j in Eq. (23). L i is the actuator failure representation matrix
with the i th combination of the diagonal elements being zero or
unity Eq. (3), and a i ( r i ) and ¯a j ( r i ), j = 0, 1, . . . , q , are the upper
and lower bounds as in Eq. (25) with respect to L i . Note that the
denominator coef� cients of the precompensator are related to d 0

j (¢ )
through d j ¡ 1 in Eq. (14). By solving the preceding inequalities
using a numerical algorithm, an admissible feedback gain matrix
and the PI controller parameters can be obtained.

This design problemcan also be visualizedby the followinggeo-
metric interpretation.A two-dimensionalparametric space and cor-

Fig. 5 Parametric space interpretation of reliable controller design.

responding map on the s plane is shown in Fig. 5. Because the
intervals in Eq. (25) are functions of r , the size of the intervals for
each coef� cient will change as r varies. Note from the numerical
results that as r is moved farther left, away from the imaginary axis
in the s plane, the intervalstend to increasein the parametricspaceas
well, that is, the size of the Q box is increasing.Therefore, by mov-
ing the intermediateparameter r continuously,an enveloped region
containing a set of overlapped squares, due to the varying bounds,
will be obtained, which is shown as the shaded region in the para-
metric space. This region is important because, for any polynomial
with the coef� cients in this region, that is, it satis� es Eq. (25), its
roots will be in the desired region on the s plane.

Note that the solution of the reliable state feedback controller
K satisfying the inequalities Eq. (27) is not unique. Therefore, de-
pending on different applications,other design requirementscan be
employed to select a speci� c K in the feasible solution space.

So far, a reliablecontroldesignscheme for MISO systemsagainst
actuator failures has been successfully synthesized. The proposed
design utilizes a precompensator to modify the input channels to
convert the nonuniform actuator redundancy to the uniform one.
However, for a general MIMO system, how to choose such a prec-
ompensator is still under investigation.

IV. Illustrative Example
The model used in this example represents a bank-angle control

system for a jet transport aircraft � ying at the speed of 0.8 Mach
and attitude of 40,000 ft. There are two manipulated variables: the
aileron and the rudder. The variable being controlled is the bank
angle of the aircraft. It is desirable that the bank angle be kept at a
desired value even in the presence of failures in the aileron or the
rudder.

In a typical � ight control system,pilotsor automatic� ight control
systems mainly use the aileron to control the bank angle of the roll
motion. However, because there exists dynamic coupling between
the yaw and the roll motions, it is also possible to control the bank
angle by the rudder. In this respect, the rudder can be consideredas
a redundant control actuator. It can then be used during an emer-
gency when the aileron controlchannelmalfunctions.This example
illustrateshow to designa reliable control system with such actuator
redundancies so that the stability of the bank-angle control system
as well as the steady-state tracking performance can be maintained
in the presence of actuator failures.

The model of the nominal system is given as follows:
2

664

Çx1

Çx2

Çx3

Çx4

3

775 =

2

664

¡ 0.0558 ¡ 0.9968 0.0802 0.0415

0.5980 ¡ 0.1150 ¡ 0.0318 0.0

¡ 3.0500 0.3880 ¡ 0.4650 0.0

0.0 0.0805 1.0000 0.0

3

775

2

664

x1

x2

x3

x4

3

775

+

2

664

0.0729 0.0001

¡ 4.7500 1.2300

1.5300 10.6300

0.0 0.0

3

775

³
u1

u2

´

y = [0.0 0.0 0.0 1.0]

2

664

x1

x2

x3

x4

3

775 (28)
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where the states xi , i =1, 2, 3, 4 are the sideslip angle (radian), the
yaw rate (radianper second), the roll rate (radianper second), and the
bankangle (radian), respectively.The inputsu1 andu2 are the rudder
and the aileron, respectively.The output is the bank angle. From the
structure of the input matrix of the system, it can be seen that the
system redundancybelongsto the nonuniformclass.Physically, this
means that the aileron and the rudder affect the bank angle of the
aircraft differently.

From Eq. (28), the transfer function matrix for this system can be
obtained as follows:

G(s) =

³
1.1476s2 ¡ 2.0036s ¡ 13.7264

s4 + 0.6358s3 + 0.9389s2 + 0.5116s + 0.0037

10.7290s2 + 2.3169s + 10.237
s4 + 0.6358s3 + 0.9389s2 + 0.5116s + 0.0037

´
(29)

The eigenvalues of the open-loop system are

K =

8
<

:

¡ 0.0329 § j0.9467

¡ 0.5627

¡ 0.0073

(30)

Based on the design procedure of the precompensatorpresented
in Sec. III.B, a dynamic precompensator is chosen as follows:

P(s) = diag

³
s2 + 0.216s + 0.9541

s2 + 1.1s + 0.3

s2 ¡ 1.7459s ¡ 11.9611
s2 + 1.1s + 0.3

´

(31)

Noted that the denominator of the precompensator is chosen ac-
cording to the guidelines speci� ed in Sec. III.B.

With such a precompensator, the augmented system can be rep-
resented in state-space form as follows:

Çxa(t ) = Aaxa (t ) + Ba

³
l1 0

0 l2

´
u(t) + Ba

³
1 ¡ l1 0

0 1 ¡ l2

´
fa

y(t ) = Caxa (t ) (32)

where fa is the unknown actuator offset caused by the failure, and
the numerical values for the system matrices are given as

Aa =
2
6666664

0 1 0 0 0 0

0 0 1 0 0 0

0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

0.0011 0.1576 ¡ 0.8481 ¡ 1.7351 ¡ 1.9383 ¡ 1.7358

3
7777775

(33)

The input matrix

Ba =

³
0 0 0 0 0 1.1476

0 0 0 0 0 10.7290

T́

(34)

and the output matrix

Ca = [ ¡ 11.4123 ¡ 4.2494 ¡ 11.3841 ¡ 1.5299 1 0]
(35)

Clearly, Eq. (34) indicates that the redundanciesof the system have
been converted into a uniform type through the use of the precom-
pensator of Eq. (31).

From the design procedure illustrated in Sec. III.C, the following
state feedback gain matrix as well as the PI controller parameters
can be obtained. In the design of the controller, the intermediate
parameter r is varied from ¡ 0.1 to ¡ 4.5 when computing the co-

ef� cient interval set in Eq. (25), and the desired pole assignment
region is the strip between these two values in the left-half s plane,

K =
³

4.9197 21.6529 34.6934 30.2875 15.9917 3.0230

2.0517 6.4617 10.8289 10.1678 4.1151 0.7277

´

(36)

PI(s) = ( ¡ 0.0639s ¡ 0.0448) / s (37)

In addition, K is obtained from an initially computed feedback
gain matrix by minimizing the real part of the largest eigenvalueof
the closed-loop system under all actuator failure cases.

The eigenvaluesof the closed-loop system under all three modes
of operation are illustrated as follows.

1) During normal operation

K =

8
>>>>>><

>>>>>>:

¡ 4.0120

¡ 3.9878

¡ 3.0001

¡ 1.0782

¡ 0.3468

¡ 0.2937 § j0.5001

(38)

in which the � rst three values correspond to the eigenvalues of the
precompensator.

2) Under aileron failure

K =

8
>>>><

>>>>:

¡ 0.2063

¡ 0.2351

¡ 0.8055

¡ 0.6115 § j1.0587

¡ 1.3675 § j2.8579

(39)

3) Under rudder failure

K =

8
>>>><

>>>>:

¡ 0.3405

¡ 0.9712

¡ 2.9570

¡ 0.2087 § j0.5478

¡ 2.4285 § j3.2267

(40)

These eigenvaluesclearly indicate that the stability of the system
is well maintained in all three system operational modes. Also, for
the system con� guration shown in Fig. 2, the tracking ability of the
system will be maintained with the help of the PI controller in the
outer loop. The step responses of the system under all three modes
of operation are examined Fig. 6.

When the aileron failure occurs, the system becomes much more
sluggish. This is because the aileron is the primary actuator for
the bank-angle control. On the other hand, if failure occurs in the
rudder,the systemexperiencesslightlymore overshootbecausedur-
ing normal operation,the rudder providesadditionaldamping to the
closed-loopsystem. We should emphasize that the steady-stateper-
formance of the system is maintained under all three conditions.

The response of the system and the control signals to aileron and
rudder are shown in Fig. 7. It would also be interesting to see how
failures in the aileron or the rudder affect the bank-angle in the
operation of the system. These two situations are shown in Figs. 8a
and 9a.

In the simulation, the actuator failure occurs at t =30 s, but it
does not manifest itself immediately at the system steady state be-
cause such failure results in an offset in the actuator output signal,
which acts as a constantdisturbanceto the system (stuck at a certain
position). However, when the input command changes, the failed
actuator starts to affect the system output. This can be seen clearly
by comparing the three system operations under the three modes
after t =40 s. The system response becomes much slower with the
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Fig. 6 Step response of the closed-loop system under three operation modes.

a) System response

b) Control signals from aileron and rudder

Fig. 7 Normal condition.

a) System response

b) Control signals from aileron and rudder

Fig. 8 Aileron failure.
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a) System response

b) Control signals from aileron and rudder

Fig. 9 Rudder failure.

aileron failure (Fig. 8a) and becomes less damped with the rudder
failure (Fig. 9a).

To understandbetterhow the reliablecontrollerachievesfault tol-
erance, and the intricate relationships between the aileron and the
rudder in the presence of failures, we have shown the control action
from the rudder channel as well as from the aileron channel under
all three operational modes in Figs. 7b, 8b, and 9b. Figures 7b–9b
clearly show that these two actuators actually counter react against
each other. When one actuator fails, it remains at a certain � xed po-
sition, and the other actuator changes its control effort immediately
to compensate for the failed actuator. This kind of load sharing is
carried out internally and automatically with the proposed design
scheme.

V. Conclusions
A novel design technique has been proposed for the synthesis of

reliable control systems against actuator failures. Various types of
actuatorredundancieshavebeen de� ned with clear physical insight.
The structure of the control system consists of an inner loop with a
dynamic precompensator, a state-feedback controller, and an outer
PI control loop. The design involves two main steps: 1) selection
of a dynamic precompensator that effectively converts the general
actuatorredundancyto a more manageableformand 2) designof the
state feedback gain matrix and PI controller parameters to achieve
the stability as well as the steady-state tracking performance in the
presence of actuator failures.

The proposedschemehas been applied to the design of an aircraft
bank-angle control with the aileron as the primary control actuator
and the rudder as its redundantcontrol input. It has been shown that
the system can be effectively controlled when both channels are in
good operating condition or when either of the two fails.

Even though the concept of redundantactuatorshave been inves-
tigated in a general MIMO framework, the reliable control design
procedure is still limited to MISO systems. Research is under way
to extend such a design method to the more general case of the
MIMO system. Preliminary results indicate that this is a nontrivial
problem.

Appendix: Algorithm to Compute the Nominal
Interval Polynomial

In 1991 Soh et al.30 presented a procedure to determine the al-
lowable perturbationof the coef� cients of a polynomial P(s) about
their nominal values so that the perturbedpolynomial still has all its
zeros within a desired region in the open left half-plane.

Assume that an nth order polynomial family has the following
form:

F(s, e ) = sn + f1sn ¡ 1 + ¢ ¢ ¢ + fn

ti ¡ s i e · fi · ti + l i e , i = 1, . . . , n (A1)

where ti is the i th coef� cient of the nominal polynomial and e ¸ 0
is the coef� cient perturbation. Also, l i ¸ 0 and s i ¸ 0 are the two
different weights on the perturbation.

The objective is to � nd the largest positive value of e , valued e M ,
so that the polynomialfamily F(s, e ) has all zeroswithin the desired
region.

By the de� ning of F j (s, e ), j =1, . . . , 2n , as the vertex poly-
nomialof F(s, e ), where its coef� cients f j,i = ti + l i e or f j,i = ti ¡
s i e , i = 1, . . . , n, it can be written as

F j (s, e ) = P0(s) + e Pj (s) (A2)

where

P0(s) =
nX

i = 0

ti s
n ¡ i (A3)

Pj (s) =
nX

i = 0

w i s
n ¡ i w i 2 { ¡ s i , l i } j = 1, 2, . . . , 2n

(A4)

Lemma: Assume D is a desired region in the open left-half plane,
F(s, e ) has all zeros within the region D if and only if all vertex
polynomials F j (s, e ), j =1, . . . , 2n , have all zeros within D.

Proof: See proof of Lemma 3 in Ref. 30.
Theorem: Suppose P0(s) has all zeros within the open left-half

plane, then the largest positive perturbation e M by which the poly-
nomial family F(s, e ) has all zeros within the open left-half plane
is given by

e M = min{e 0 , e 1, . . . , e 2n } (A5)

where

e 0 =

»
t0 / s 0 s 0 > 0
+ 1 s 0 = 0

e i = 1
¯

k +
max

¡
¡ R ¡ 1

0 Ri

¢
, i = 1, 2, . . . , 2n (A6)
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Proof: See proof of Theorem 1 in Ref. 30.
Here k +

max(¢ ) denotes the maximum positive (real) eigenvalue of
a matrix. The matrix R0 is associated with the nominal polynomial
P0(s¢ je j u ), where u is shown in Fig. 3. By the writingof P0(s¢ je j u )
as

P0(s ¢ je j u ) =
nX

i = 0

bi s
i + j

nX

i = 0

ai s
i (A7)

the resultant matrix R0 is de� ned as

R0 =

2
66664

an an ¡ 1 ¢ ¢ ¢ a1 a0 0 ¢ ¢ ¢ 0

bn bn ¡ 1 ¢ ¢ ¢ b1 b0 0 ¢ ¢ ¢ 0

0 an ¢ ¢ ¢ ¢ ¢ ¢ a1 a0 ¢ ¢ ¢ 0

0 bn ¢ ¢ ¢ ¢ ¢ ¢ b1 b0 ¢ ¢ ¢ 0

¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢

3
77775

(A8)

Similarly, the matrices Ri , i =1, 2, . . . , 2n , can be obtained from
the complex polynomials Pi (s ¢ je j u ), i =1, 2, . . . , 2n .
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